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What to control and to where?

[GSS] Biorthogonal family construction and its application to controllability
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What to control and to where?

Consider the following linear system of ODEs:

{U’(t) = AU(t) + BQ(t) )

U(0) = U°

where, A € My(R), B € M, m(R), U(t) € R", Q(t) € R™.

[GSS] Biorthogonal family construction and its application to controllability
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Consider the following linear system of ODEs:

U'(t) = AU(t) + BQ(t) (1)
U(0) = U°

where, A € M,(R), B € My m(R), U(t) € R", Q(t) € R™.

Definition

(1) is null controllable in time T, if for any U° € R", 3 control Q(t) € R™ such that
the corresponding solution satisfies U(T) = 0.

[GSS] Biorthogonal family construction and its application to controllability
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What to control and to where?

Consider the following linear system of ODEs:

U'(t) = AU(t) + BQ(t) (1)
U(0) = U°

where, A € M,(R), B € My m(R), U(t) € R", Q(t) € R™.
Definition

(1) is null controllable in time T, if for any U° € R", 3 control Q(t) € R™ such that
the corresponding solution satisfies U(T) = 0.

eg. A=h,B= (é) n=2m=1
The solution of this system is given by

(ul(t)) . (u?et + fot elt=9)Q(s) ds)

w(t)) ulet

[GSS] Biorthogonal family construction and its application to controllability
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What to control and to where?

Consider the following linear system of ODEs:

U'(t) = AU(t) + BQ(t) (1)
U(0) = U°

where, A € M,(R), B € My m(R), U(t) € R", Q(t) € R™.
Definition

(1) is null controllable in time T, if for any U° € R", 3 control Q(t) € R™ such that
the corresponding solution satisfies U(T) = 0.

e.g. A:IQ,B:(é):n:Zm:l

The solution of this system is given by

(Ul(f)) _ (U?et + fot eo(tis)Q(S) ds) #+ (8) : Not null controllable

up(t) uzet

—s,,0
e Ul

Qls) = -

,T>0

[GSS] Biorthogonal family construction and its application to controllability
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What to control and to where?

Consider the following linear system of ODEs:

U'(t) = AU(t) + BQ(t) (1)
U(0) = U°

where, A € M,(R), B € My m(R), U(t) € R", Q(t) € R™.
Definition

(1) is null controllable in time T, if for any U° € R", 3 control Q(t) € R™ such that
the corresponding solution satisfies U(T) = 0.

e.g. A:IQ,B:(é):n:Zm:l

The solution of this system is given by

(Ul(f)) _ (U?et + fot eo(tis)Q(S) ds) #+ (8) : Not null controllable

up(t) uzet

—s,,0
e Ul

Qls) = -

,T>0

What if B = I, and Q:(Z;)? c[m=n=2]

1GSS] Biorthogonal family construction and its application to controllability
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eg A= (_01 (1)) ,B = ((1)) :m =1<2=n: Null controllable

The system can be written as:

up (t) = wa(t)

1
uh(t) = —ur(t) + g(t) ()

[GSS] Biorthogonal family construction and its application to controllability
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eg A= (_01 (1)) ,B = ((1)) :m =1<2=n: Null controllable

The system can be written as:

up(t) = w(t)

1
U(t) = —un() + a(t) @

which is equivalent to v}’ + u; = gq.

[GSS] Biorthogonal family construction and its application to controllability
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eg A= (_01 (1)) ,B = ((1)) :m =1<2=n: Null controllable

The system can be written as:

up (t) = wa(t)

1
ub(t) = —ur(t) + q(t) ()

which is equivalent to v}’ + u; = gq.

The states are: (uy, u2) = (u1, uf).

[GSS] Biorthogonal family construction and its application to controllability
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eg. A= (fl (1)) ,B = ((1)) :m =1<2=n: Null controllable

The system can be written as:

up (t) = wa(t)

ui(t) = —u(t) + q(t) )

which is equivalent to v}’ + u; = gq.
The states are: (uy, u2) = (u1, uf).

For any given initial data (u?, u3), define u(t)

[GSS] Biorthogonal family construction and its application to controllability
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eg. A= (fl (1)) ,B = ((1)) :m =1<2=n: Null controllable

The system can be written as:

{Ui(t) = u(t) @
5(t) = —u(t) + q(t)

which is equivalent to v}’ + u; = gq.

The states are: (uy, u2) = (u1, uf).

For any given initial data (u?, u3), define u(t) as:

(Tt () + (B + Fup))
T2

u(t) =

Then: u(0) = u?, u(T) =0,
u'(0) = u,u'(T) =0.

[GSS] Biorthogonal family construction and its application to controllability
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eg. A= (fl (1)) ,B = ((1)) :m =1<2=n: Null controllable

The system can be written as:

{Ui(t) = u(t) @
5(t) = —u(t) + q(t)

which is equivalent to v}’ + u; = gq.

The states are: (uy, u2) = (u1, uf).

For any given initial data (u?, u3), define u(t) as:

(Tt () + (B + Fup))
T2

u(t) =

Then: u(0) = u?, u(T) =0,
u'(0) = u,u'(T) =0.

Finally, one can define the control as g(t) = v/ (t) + u(t).

1GSS] Biorthogonal family construction and its application to controllability
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Introducing the systems

The linear system coupling KS-KdV equation with transport equation is given as:

Ut + Uxox + Uxox + Uxx + U = v, (t,x) € (0, T) x (0,27),

Ve + v + v = U, (t,x) € (0, T) x (0,27),

u(t,0) = u(t,2m), te(0,7), 3)
u(t,0) = ul)(t,27), te(0,T),i€ {1,253}

v(t,0) = v(t,27) + q(t), te(0,7),

u(0,x) = up(x), v(0,x) = w(x), x € (0,2m),

[GSS] Biorthogonal family construction and its application to controllability
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Introducing the systems

The linear system coupling KS-KdV equation with transport equation is given as:

Ut + Uxox + Uxox + Uxx + U = v, (t,x) € (0, T) x (0,27),

Ve + vy + Vv = Uy, (t,x) € (0, T) x (0,27),

u(t,0) = u(t,2m), te (0, 7), 3)
u(t,0) = ul)(t,27), te(0,T),i€ {1,253}

v(t,0) = v(t,27) + q(t), te(0,7),

u(0,x) = up(x), v(0,x) = w(x), x € (0,2m),

The coupled PDEs can be written as:

(U) ZA(’J) — (fouxxxxfuxxxfuxxfu). (4)
v/, v Ux — Vx — V

[GSS] Biorthogonal family construction and its application to controllability
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Introducing the systems

The linear system coupling KS-KdV equation with transport equation is given as:

Ut + Uxox + Uxox + Uxx + U = v, (t,x) € (0, T) x (0,27),

Ve + vy + Vv = Uy, (t,x) € (0, T) x (0,27),

u(t,0) = u(t,2m), te (0, 7), 3)
u(t,0) = ul)(t,27), te(0,T),i€ {1,253}

v(t,0) = v(t,27) + q(t), te(0,7),

u(0,x) = uo(x), v(0,x) = vo(x), x € (0,2m),
The coupled PDEs can be written as:

(U) —A (U> _ (Vx — Uxox — Uxxx — Uxx — U) ) (4)
v/, v Ux — Vx — V
Question:

We try to find a space X and some Ty > 0 such that if we choose (up, vp) € X, and
any T > Ty, we get existence of a control function g7 € L2(0, T) such that the
solution (u, v) satisfies (u(T,x),v(T,x)) = (0,0).

1GSS] Biorthogonal family construction and its application to controllability
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Motivation for biorthogonal

@ 12(0,27) = {f : (0,27) — C: [Z™ |f]* < co}.

[GSS] Biorthogonal family construction and its application to controllability
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Motivation for biorthogonal

@ 12(0,2m) = {f : (0,2m) — C: [2™ || < oo}
< Method utilized: Method of moments

[GSS] Biorthogonal family construction and its application to controllability
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Motivation for biorthogonal

@ 12(0,2m) = {f : (0,2m) — C: [2™ || < oo}
< Method utilized: Method of moments

“ Asymptotic expression of eigenvalues:

NE=-1

A=At =1+ V2i

A =27, =-1-V2i

A =ik —1+4 0(k™1), as |k] = o0

AT = —Kk* — k3 + k2 — 14 O(k™1), as k| = oo

[GSS] Biorthogonal family construction and its application to controllability
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@ 12(0,2m) = {f : (0,2m) — C: [2™ || < oo}
< Method utilized: Method of moments

“ Asymptotic expression of eigenvalues:

NE=-1

A=At =1+ V2i

AN =2, =-1-V2i

A =ik —1+4 0(k™1), as |k] = o0

A = —k* —ik3+ k> — 14+ O(k™1), as |k| = oo

% This method relies on: (Null controllability) < (Solving a moment problem)

I 7
af [Py et (e ) dt=1by,
2 J—

T — k € Z\ {0,£1} : Moment problem
a, f_zg e Mk g (t+ %) dt = b,

[GSS] Biorthogonal family construction and its application to controllability
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@ 12(0,2m) = {f : (0,2m) — C: [2™ || < oo}
< Method utilized: Method of moments

“ Asymptotic expression of eigenvalues:

NE=-1

A=At =1+ V2i

AN =2, =-1-V2i

A =ik —1+4 0(k™1), as |k] = o0

A = —k* —ik3+ k> — 14+ O(k™1), as |k| = oo

% This method relies on: (Null controllability) < (Solving a moment problem)

I 7
af [Py et (e ) dt=1by,
2 J—

T — k € Z\ {0,£1} : Moment problem
a, f_zg e Mk g (t+ %) dt = b,

+
% Need a family of functions biorthogonal to {e*« '} with proper [2-estimates.

[GSS] Biorthogonal family construction and its application to controllability
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Biorthogonal family

Theorem (Existence of biorthogonal)

Let T > 27. Then there exists a family {@ki}keZ\{—l,O} U{©q} of functions in
2 ( B %) satisfying

’Ftdt =6udx, 1€Z\{-1},keZ\{-1,0},

f%

f r ©o(t)e ™ tdf:éoh lezZ\{-1},

NH

where,

S = 1, ifk=1 and 84 — 1, ifsign <.3n Oy and \i is same
0, otherwise .

[GSS] Biorthogonal family construction and its application to controllability

6/16



Null controllability  Introduction to a problem  Motivation for biorthogonal  Biorthogonal family =~ Controllability Results References 6/16

Biorthogonal family

Theorem (Existence of biorthogonal)

Let T > 27. Then there exists a family {@ki}kGZ\{—l,O} U {©o} of functions in
2 <75 ‘2r) satisfying

L SE
[2; 0f(t)e ™ tdt = 6o+, 1€Z\{-1},k € Z\{-1,0},
2

e

ST
L2, ©(t)e™ tdt = &gy, 1€ 7\ {1},

2

where,

1, ifk=1 1, if sign on ©y and Ay is same
O = and 04+ = .
0, otherwise .
Moreover, we have following estimates on the obtained family
10F 1 2y < C|k\4 ke Z\{-1,0},
105 12y < Ce~ 2K ke )\ {~1,0},
[1©oll2®) < C,

where, C is a positive constant independent of k.

1GSS] Biorthogonal family construction and its application to controllability
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Preliminaries

Definition

An entire function f is said to be of exponential type A if there exist positive
constant B such that

|f(z)| < BeM#l z e,

[GSS] Biorthogonal family construction and its application to controllability
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Preliminaries

Definition
An entire function f is said to be of exponential type A if there exist positive
constant B such that

[f(z)| < Be#l, z e C,

Definition
An entire function f is said to be of exponential type at most A if for any € > 0, there
exist B > 0 such that

If(z)] < Be ezl z e C,

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

Definition
An entire function f of exponential type 7 is said to be of sine type if

(i) the zeros of f(z), say uy satisfies gap condition, i.e., there exist § > 0 such that
|k — ] > 8 for k # 1, and

(ii) there exist positive constants C;,C and C3 such that

Ce™ < |F(x+ iy)| < Ge™!, Vx,y € R with |y| > Gs.

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

Definition
An entire function f of exponential type 7 is said to be of sine type if

(i) the zeros of f(z), say p satisfies gap condition, i.e., there exist § > 0 such that
|k — ] > 8 for k # 1, and

(ii) there exist positive constants C;,C and C3 such that
Ce™ < |f(x+iy)| < Ge™ !, Vx,y € R with |y| > Gs.

Theorem (Properties of sine type function)

Let f be a sine type function, and let {jx ke with T C 7Z be its sequence of zeros.
Then, we have:

(a) for any e > 0, there exist constants K., K. > 0 such that
Kee™ I < |f(x +iy)| < Kee™!, if dist(x + iy, {ux}) > €
(b) there exist some constants K1, K» > 0 such that

Ki < |f'(pk)| < K2, Vk €T

1GSS] Biorthogonal family construction and its application to controllability
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Contd.

Theorem (Paley-Wiener)

Let f be an entire function of exponential type A and suppose

/ [f(x)|? dx < oc.
— o0

Then there exists a function ¢ € L?(—A, A) with the following

A
f(z) = /7A e (t)dt, z € C.

[GSS] Biorthogonal family construction and its application to controllability

References
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Sketch of the proof

Thus, the problem reduces to find a class of entire functions £ = {\Uki, Voltrez\{—1,0}
with the following properties:

[GSS] Biorthogonal family construction and its application to controllability
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Sketch of the proof

Thus, the problem reduces to find a class of entire functions £ = {\Ilki, Voltrez\{—1,0}
with the following properties:

1. 3 a positive constant Cy such that

Yo(z2)| < Coe%‘ZI and |VE(z < Ckeglz‘7 vz eC. 5
k

[GSS] Biorthogonal family construction and its application to controllability
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Sketch of the proof

Thus, the problem reduces to find a class of entire functions £ = {\Ilki, Voltrez\{—1,0}
with the following properties:

1. 3 a positive constant Cy such that

[Wo(2)| < Coe? ! and ‘\Ilki(z)‘ < Celll vzec (5)

/R‘w;t(x)f dx < o0 and /R|\l!o(x)|2dx < 0. (6)

[GSS] Biorthogonal family construction and its application to controllability
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Sketch of the proof
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Thus, the problem reduces to find a class of entire functions & = {\Ilki, wO}keZ\{—l,O}
with the following properties:
1. 3 a positive constant Cy such that

[Wo(z)| < Coe !l and ‘\Uki(z)‘ < el wzec (5)

/R‘wf(x)‘z dx < oo and /R|\llo(x)|2dx < . (6)

3. The following relation hold

VE(ipF) = 6bs, keZ\{-1,0}, 1 € Z\ {1}, @)
Vo(ipi) = b0, 1 €Z\{-1},

where, pud = pg = po = —1, /J,ki = g, vk € Z.\ {0}.0

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

Let us first introduce the following entire function which has simple zeros exactly at
inf =ixE:

P(z):(l—i) Im (r-= I (r-=).

. — —
1o/ e {=1,0} "M ) kezn{-1,0} I

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

Let us first introduce the following entire function which has simple zeros exactly at

ot o E

i =i\ e
z z z

P(Z):(l_i*) H (1—._,_> H <1—._>- (8)

KO/ e (~1,0} "Mk ) kezn\{-1,0} Thy

Lemma

Let Ay = k + di, where dy = d + O(k™1!), for k € Z\ {0} as |k| — oo for some
constant d € C, and that Ay # N\ for k # I. Then f(z) = [[,cz (1 = ﬁ) is an entire

function of type sine.

[GSS] Biorthogonal family construction and its application to controllability



Null controllability  Introduction to a problem  Motivation for biorthogonal  Biorthogonal family =~ Controllability Results References

Contd.

Let us first introduce the following entire function which has simple zeros exactly at

ot o E

i =i\ e
z z z

P(Z):(l_i*) H <1—.+> H <1—._>- (8)

KO/ e (~1,0} "Mk ) kezn\{-1,0} Thy

Lemma

Let Ay = k + di, where dy = d + O(k™1!), for k € Z\ {0} as |k| — oo for some
constant d € C, and that Ay # N\ for k # I. Then f(z) = [[,cz (1 = ﬁ) is an entire

function of type sine.

Define

Pz = ] <1_;:+>’ Paz)= [I <1_Z>,

keZ\{ -1} K KEZ\{-1} i

1GSS] Biorthogonal family construction and its application to controllability
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Contd.

Let us first introduce the following entire function which has simple zeros exactly at

ot o E

i =i\ e
z z z

P(Z):(l_i*) H <1—.+> H <1—._>- (8)

KO/ e (~1,0} "Mk ) kezn\{-1,0} Thy

Lemma

Let Ay = k + di, where dy = d + O(k™1!), for k € Z\ {0} as |k| — oo for some
constant d € C, and that Ay # N\ for k # I. Then f(z) = [[,cz (1 = ﬁ) is an entire

function of type sine.

Define

Pz = ] <1_;:+>’ Paz)= [I <1_Z>,

keZ\{ -1} K KEZ\{-1} i

1GSS] Biorthogonal family construction and its application to controllability
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Contd.

For k € Z\ {—1,0}, we define
5k = sgn(k) Y —py =k by,

where by = —i' + O(k™1) as |k| — oo and let 5 = 1.

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

For k € Z\ {—1,0}, we define

5k = sgn(k) Y —py =k by,

where by = —i' + O(k1) as |k| — oo and let 5y = 1.Next, we define
z
o 11, ()
keZ\{—-1} k

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

For k € Z\ {—1,0}, we define

5k = Sgn(k)\4/ —Hy, =k + by,

where by = —i' + O(k1) as |k| — oo and let 5y = 1.Next, we define
z
aw= I (1-7)
keZ\{—-1} k

24
QZ(Z) = H <1 + /,L,() .

keZ\{—1}

Thus, we get the following relations:
Q(2) = Q(2) Qu(—2) Q1 (iz) Qi (—iz),
Py(z) = Qa(e'F /).

[GSS] Biorthogonal family construction and its application to controllability

References
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Contd.

Lemma (Estimates on P)

Let P be the canonical product defined in (8). Then P is an entire function of
exponential type at most 7, which satisfies the following estimates for some positive
constants C, Cy, Gy independent of k:

1
IP(x)] < C|x + i| "t e2m(cos(EHsin(§)) X% yy e R, (11)
.
P (i) > Culk|~te2n(cosHsn(E)IML - g e 7\ {~1,0} (12)
|P/(i)| > Colk|TTem (4 =E421K), - ke z\ {-1,0}. (13)

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

Lemma (Estimates on P)

Let P be the canonical product defined in (8). Then P is an entire function of
exponential type at most 7, which satisfies the following estimates for some positive
constants C, Cy, Gy independent of k:

1
|P(x)| < C|x+ i| 7L e2r(es(Bhsin()IxI* - vy e R, (11)
PPN
P (i) > Culk|~te2n(cosHsn(E)IML - g e 7\ {~1,0} (12)
|P/(i)| > Colk|TTem (4 =E421K), - ke z\ {-1,0}. (13)

Lemma (Estimate for the multiplier M)

There exist an entire function, M of exponential type at most arm, where

8= (% = 1) > 0 which satisfies the following bound for some C, E, C > o0:

IM(x)| < C |x| exp |:727r (cos (8) + sin (8)) \x\%], Vx € R, (14)

IM(ipf)| > Clk| 3 exp |:727r (cos <8) +sm( )) |k|# :| Vk € Z\ {-1,0},
(15)

IM(ip; )| > C k|8 exp Lﬂa(k4 =)= c|k\- , Vkez\{-1,0}. (16)

| family construction and its agplication to controllability
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Contd.

Now, we can finally define \Uki as

el PE ME) .

O e M <N TR
and

N = B

P(=i)(z+ i) M(=i)’
Clearly, Wy is an entire function of exponential type at most m + ar = % and satisfies
VE(ipF) =6y 0s, VI€Z\{~1}and k € Z\ {-1,0},

Wo(inf) = S0, Y1 €Z\{-1}.

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

Now, we can finally define \Uki as

P(z) M(z)
P/(ini)(z — i) M(ip)

vi(z) = , ke Z\{-1,0}

and
P(z) M(z)
P(=i)(z+ i) M(=i)’
Clearly, Wy is an entire function of exponential type at most m + ar = % and satisfies
VE(ipF) =6y 0s, VI€Z\{~1}and k € Z\ {-1,0},
Wo(inf) = S0, Y1 €Z\{-1}.

It can be seen that

Vo(z) =

[PGIM(x)| < C.

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

Now, we can finally define \Uki as

el PE ME) .
O e M <N TR
and
N = B

P(=i)(z+ i) M(=i)’

Clearly, Wy is an entire function of exponential type at most m + ar = % and satisfies
VE(ipF) =6y 0s, VI€Z\{~1}and k € Z\ {-1,0},
Wo(inf) = S0, Y1 €Z\{-1}.

It can be seen that

[PGIM(x)| < C.

For k € Z\ {—1,0}, W}, W, € L%(R) with

Wil 2y < ClKI%

1V 2y < ClkIPe 2 (K=K,

[GSS] Biorthogonal family construction and its application to controllability
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Contd.

Now, we can finally define \Uki as

P(z) M(z)
Vi) = o, ke Z\{~1,0}
P (’.“’k )z — Ty ) M(’l‘k )
and
P(z) M(z)
P(=i)(z+ i) M(=i)’
Clearly, Wy is an entire function of exponential type at most m + ar = % and satisfies
VE(ipF) =6y 0s, VI€Z\{~1}and k € Z\ {-1,0},
Wo(inf) = S0, Y1 €Z\{-1}.

It can be seen that

Vo(z) =

[POM(x)| < C.
For k € Z\ {—1,0}, W}, W, € L%(R) with
Wi 2w < ClAIY,
W7 2y < ClAISPe 2 (K=5),
Also,

Vol)l < g

and so Wy € L2(R) as well.

1GSS] Biorthogonal family construction and its application to controllability
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Controllability Results

Ut 4 Uxxxx + Uxxx + Uxx = Vx + hi,

Ve + vk = ux + ho,

u(t,0) = u(t,2m) + qu(t),
u(t,0) = uld(t,2r),

V(t,O) = V(t7 27T) + q2(t)7
u(0, x) = up(x), v(0, x) = vp(x),

(t,x) € (0, T) x (0,27),
(t,x) € (0, T) x (0,27),
te(0,7),

te (0, 7),ie{1,23},
te (0, 7),

x € (0,2m),

(17)

[GSS] Biorthogonal family construction and its application to controllability
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Ut 4 Uxxxx + Uxxx + Uxx = Vx + hi,
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(t,x) € (0, T) x (0,27),

Vi + vx = ux + ha,

u(t,0) = u(t,2m) + qu(t),
u(t,0) = ul)(t,27),
v(t,0) = v(t,2m) + q2(t),
u(0, x) = up(x),

Theorem (Null controllability)

v(0, x) = vp(x),

(t,x) € (0, T) x (0,27),
te(0,7),

€(0,T),ie{1,2,3},

(0, 7),

€ (0,2m),

(17)

Let (up, vo) € X. Then for any time T > Ty = 2m, there exists a control function

F € Z such that the solution of (17) satisfies (u(T

x),v(T,x)) = (0,0), where X, F

and Z depend on the control system in consideration and are given explicitly in the

table below:

S. No. Space of initial data, X Control function, F
(a) {(uo, o) € #5(0,2n) : (vo, 1), =0}, 5s>65 hi(t,x) = 1,f(x)g(t) € L%(0, T; [*(w))
(b) {(uo, o) € H;(0,27) : (up,1),2 =0}, s > 3.5 ha(t, x) = 1o f(x)g(t) € L2(0, T; L*(w))
(C) {(Llo vo) € HS(O 27r) {uo, > = 0} s>35 q1 € 1_2(07 T)
(d) {(uo,v0) € Hp(o 27T)S é“gjt_)lh? (vo,1);2 = 0}, @ € [2(0,T)

— -+3 . +i
where, H; = {(u, n) € H;(O, 2m) X H; (0,27) : <u7 e ’X>

<’7’ >L2(0,21r) =0 } :

L2(0,27)

Biorthogonal family construction and its application to controllability
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