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Graph and Group
Group (G, .)
o G(+0)
w 366
(g1,82) 81 82€G
> Associative (g.2).e5 = e1.(e2.23)

7 ldentity ge=eg =g, ve
7 Inverse g.f=Ffg=e Vg
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i
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Graph and Group
Group (G, .)
i)
w 166
(g1, &)~ 81 -82€G
&r Associative (81-82)-83 = 81-(82-83)
= Identlty ge=eg=g,Vg

Z Inverse g.f=f.g=e vg

Graph I'(V,E)

o Set of vertices, V

e V#0D

 veV — vis a vertex

i
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Graph and Group
Group (G, .)
G+ 0)

w cxGc -G
(81:82) > 81-82€G
(> Associative (gi.g:).e3 = &1.(2.83)
7 ldentity ge=eg =g, ve
& Inverse g.r=fg=ec ve
Graph I'(V, E)
o Set of vertices, V
e V#0D
> veEV = visa vertex
o Set of edges, E
7 ec E = e={u,v}
for some u,v € V
& Each element is called an
edge.
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Commuting Graph

W A finite group G.

o A graph I = (V, E) is such that
o V=0¢G,
o E={(u,v):uve
G and uv = vu, v # u}.
¥ The graph I is called the
Commuting Graph of the group

G. Commuting graph is denoted
by Cs.

Example

Vi

2
3
V2
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Commuting Graph

Example
Vi
W A finite group G. 2
o A graph I = (V, E) is such that
o V=¢gG,
o E={(u,v):uve
G and uv = vu,v # u}.
¥ The graph I is called the
Commuting Graph of the group

G. Commuting graph is denoted Vo
by Cg.
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SR
Commuting Graph

Example

W A finite group G.

o A graph I = (V, E) is such that
o V=0¢G,
o E={(u,v):uve
G and uv = vu, v # u}.
¥ The graph I is called the
Commuting Graph of the group

G. Commuting graph is denoted
by Cs.

Figure: Cs,: Commuting Graph

associated to G3
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Fundamentals Center and Centralizer

Center and Centralizer

Center of the group G
Z(G)={ue G:ua=auvac
G}.
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Fundamentals Center and Centralizer

Center and Centralizer

Center of the group G

Example
é(}f;)z{ueGrua:aL’Vé’E Z(63) ={w}={(133)}

o

"

SENTIN N TN EITNAWVT QWL WEETP M) Laplacian spectra of commuting graph April 30, 2022

/33



Fundamentals Center and Centralizer

Center and Centralizer

Center of the group G

Z(G)={ue G:ua=auvac

G).

Centralizer of an element
C(v)={ue G:uv=wu}.

Samiron Parui (Joint work with Gargi Ghosh)

Example

Z(63) = {w} ={(i33)}
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Fundamentals Center and Centralizer

Center and Centralizer

Center of the group G

é(}.G):{ugG:ua:aUVBE Z(63) ={w}={(133)

Example

Centralizer of an element
C(v)={ue G:uv=wu}.

ONORES:
C(v1) = C(v2) @ Z(G)
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Fundamentals Center and Centralizer

Center and Centralizer

Center of the group G

Example
Z(G)={ue G:ua=auvac
A 2(&3) = {uo} = {(133)
Centralizer of an element
C(v)={ue G:uv=wu}.
Example
In &3,

o C(Vl) = C(V2) =
{Vo, Vi, V2} and

w C(v3) = {w, 3}, C(va) =
{Vo, V4_}7 C(V5) = {VO, V5}.

Figure: Center and Centralizer
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Fundamentals Matrices Associated to Graphs

Matrices

o r(V,E) : Any undirected graph
ofr

WY
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Fundamentals Matrices Associated to Graphs

Matrices

o r(V,E) : Any undirected graph

[y (aw)u yev: A square matrix of order |V| defined by

1 ifur~v,
a,y =
w 0 otherwise.

&
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Fundamentals Matrices Associated to Graphs

Matrices

o r(V,E) : Any undirected graph

[y (aw)u yev: A square matrix of order |V| defined by

1 ifur~v,
a,y =
w 0 otherwise.

i Lr = D — A : Laplacian matrix
ofr
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Fundamentals Matrices Associated to Graphs

Matrices

o r(V,E) : Any undirected graph
A= (an)

A square matrix of order |V/| defined by
I 1 ifur~v,
710 otherwise.

i Lr = D — A : Laplacian matrix

ueV

i RY . The set of all functions from V to R

(Lrx)(u Z ap (x(u)—x(v)) for x e RY and u e V.
vev
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Fundamentals Matrices Associated to Graphs

Matrices

o r(V,E) : Any undirected graph

wr 4 (aw) A square matrix of order |V/| defined by

1 ifur~v,
a,y =
w 0 otherwise.

i Lr = D — A : Laplacian matrix

ueV

i RY . The set of all functions from V to R

(Lrx)(u Z ap (x(u)—x(v)) for x e RY and u e V.
vev

™ |f[(V,E) =C¢: The Laplacian operator is given by

(Lrx)(u) = Z (x(u) = x(v)), for x € R® and u € G.

veC(u)
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Fundamentals Matrices Associated to Graphs

Matrices
o r(V,E) : Any undirected graph
wr 4 ("”V)u,vev: A square matrix of order |V/| defined by o e

I 1 ifur~v,
710 otherwise. 0 °
i Lr = D — A : Laplacian matrix o e
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Fundamentals Matrices Associated to Graphs

Matrices
o r(V,E) : Any undirected graph
wr 4 (aw)u yev: A square matrix of order |V| defined by

1 ifur~v,
a,y =
w 0 otherwise.

i Lr = D — A : Laplacian matrix

i RY . The set of all functions from V to R

(Lrx)(u Z ap (x(u)—x(v)) for x e RY and u e V.
vev

™ |f[(V,E) =C¢: The Laplacian operator is given by

(Lrx)(u) = Z (x(u) = x(v)), for x € R® and u € G.

veC(u)

Samiron Parui (Joint work with Gargi Ghosh)
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0

1] -1 2 -1 0 0 0

21 -1 2 0 0 0

31 0 0 1 0 0

41 0 0 0 1 0

5] 1 0 0 0 0 1
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The Laplacian spectra of Commuting Graphs [EEIERSECHIVEITENG

The Constant Eigenvector

¥ v\ :V — R defined by
xv(v)=1VveV.
€

&
&
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The Laplacian spectra of Commuting Graphs [EEIERSECHIVEITENG

The Constant Eigenvector

¥ v\ :V — R defined by
xv(v)=1VveV.

= (xv) =

{f : V = R|f = constant} .
&
&

SENTINN TN EITN AWV QWL NEETPT M) Laplacian spectra of commuting graph April 30, 2022

/33



The Laplacian spectra of Commuting Graphs [EEIERSECHIVEITENG

The Constant Eigenvector

w \, :V — R defined by
xv(v)=1VveV.

& (xv) =
{f : V = R|f = constant} .

& Lrxv =0

& If [(V, E) is connected then
(xv) is the eigenspace of the
eigenvalue 0.
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The Laplacian spectra of Commuting Graphs [EEIERSECHIVEITENG

The Constant Eigenvector

w \, :V — R defined by
xv(v)=1VveV.

& (xv) =
{f : V = R|f = constant} .

& Lrxv =0

& If [(V, E) is connected then
(xv) is the eigenspace of the
eigenvalue 0.

¥ (. is connected.

Therefore, 0 is an eigenvalue of L
with the eigenspace (xv).
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The Laplacian spectra of Commuting Graphs [EEIERSECHIVEITENG

The Constant Eigenvector

¥ v\ :V — R defined by

X\/(V) =1VveV. V xv R
r (xv) =
{f : V = R|f = constant} .
& Lrxv =0
& If [(V, E) is connected then =XV

(xv) is the eigenspace of the
eigenvalue 0.

¥ (. is connected.

Therefore, 0 is an eigenvalue of L J a 0

with the eigenspace (xv).
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Abelian group
When the G is Abelian

W G is abelian = C¢ = Kig

o

Samiron Parui (Joint work with Gargi Ghosh)
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Abelian group
When the G is Abelian

W G is abelian = C¢ = Kig

% The complete list of eigenvalue and eigenvector

[ Eigenvalue | Eigenvector | Eigenspace

0 XV (xv)
V-1 ifu=yv,
6| yv<u)—{ |

{nheviiwy)

-1 otherwise.
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Abelian group
When the G is Abelian

W G is abelian = C¢ = Kig

% The complete list of eigenvalue and eigenvector

[ Eigenvalue | Eigenvector | Eigenspace

0 XV (xv)
V-1 ifu=yv,
6| yv<u)—{ |

{nheviiwy)

-1 otherwise.

% Forany neN, K, =Cz,.
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Abelian group
When the G is Abelian

W G is abelian = C¢ = Kig

% The complete list of eigenvalue and eigenvector

[ Eigenvalue | Eigenvector | Eigenspace
0 Xv {xv)
V-1 ifu=yv,
G =
N yo(u) {—1 otherwise. {dvevipoy)

% Forany neN, K, =Cz,.
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LT
Non-Abelian Group

Notation: o(L) = Set of all eigenvalues of the matrix L. )
ofr
1€
ofr
ofr
o

» Back to complete Laplacian spectra
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LT
Non-Abelian Group

Notation: o(L) = Set of all eigenvalues of the matrix L. )

¥ Question: We have seen 0, |G| € o(L¢,) for any commutative group
G. Is it also true for a non-commutative group?

r Answer:Yes.

» Back to complete Laplacian spectra
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The Laplacian spectra of Commuting Graphs Non-abelian group

Non-Abelian Group

Notation: o(L) = Set of all eigenvalues of the matrix L.

¥ Question: We have seen 0, |G| € o(L¢,) for any commutative group
G. Is it also true for a non-commutative group?
7 Answer:Yes.

Lemma

G = a non-abelian group
o 0c G(LCG)

Multiplicity = 1

Eigenvector = xy = (1,...,1)"
w |G| € o(Leg)

Multiplicity at least |Z(G)|.

o
» Back to complete Laplacian spectra
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The Laplacian spectra of Commuting Graphs Non-abelian group

Non-Abelian Group

Notation: o(L) = Set of all eigenvalues of the matrix L.

¥ Question: We have seen 0, |G| € o(L¢,) for any commutative group
G. Is it also true for a non-commutative group?
7 Answer:Yes.

Lemma

G = a non-abelian group

B c
% 0 o(Le) 1 |Z(G)|
Multiplicity = 1 T A o

Eigenvector = xy = (1,...,1)"
¥ |G| € o(Leg)
Multiplicity at least |Z(G)|.

Figure: Unknown eigenvalues:grey

o
» Back to complete Laplacian spectra
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LT
Non-Abelian Group

The following result indicates another eigenvalue of L, provided a mild
condition is imposed on an element of G \ Z(G).

» Back to complete Laplacian spectra
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The Laplacian spectra of Commuting Graphs Non-abelian group

Non-Abelian Group

The following result indicates another eigenvalue of L, provided a mild
condition is imposed on an element of G \ Z(G).

Theorem

G = non-abelian finite group with
u € G\ Z(G) such that for all
veG\ZG),

either C(u) = C(v)
or C(uynC(v)=2(G) (1)

then |C(u)| € o(Lc,)
Multiplicity: at least
[C(u)\ Z2(G) - 1.

» Back to complete Laplacian spectra
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The Laplacian spectra of Commuting Graphs Non-abelian group

Non-Abelian Group

The following result indicates another eigenvalue of L, provided a mild
condition is imposed on an element of G \ Z(G).

Theorem

G = non-abelian finite group with
u € G\ Z(G) such that for all
veG\ZG),

either C(u) = C(v)
or C(uynC(v)=2(G) (1)

then |C(u)| € o(Lc,)
Multiplicity: at least
[C(u)\ Z2(G) - 1.

» Back to complete Laplacian spectra

Samiron Parui (Joint work with Gargi Ghosh)

Laplacian spectra of commuting graph

Either or
G
C(v) C(u
Z(G
B 6l w2
L Hen et

Figure: Unknown eigenvalues:grey
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Non-abelian group
Condition: either C(u) = C(v) or C(u) N C(v) = Z(G)

Suppose that u € G\ Z(G) satisfies the condition.
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Condition: either C(u) = C(v) or C(u) N C(v) = Z(G)
Suppose that u € G\ Z(G) satisfies the condition.

@ There exists at least one v € G, other
than u, such that v ¢ Z(G) and
CuynC(v)=Z2(G). @
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Condition: either C(u) = C(v) or C(u) N C(v) = Z(G)
Suppose that u € G\ Z(G) satisfies the condition.

@ There exists at least one v € G, other
than u, such that v ¢ Z(G) and
Cu)NnC(v)=2(G). @&

@ C(v)=C(u) forall veC(u)\ Z(G).
o
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The Laplacian spectra of Commuting Graphs Non-abelian group

Condition: either C(u) = C(v) or C(u) N C(v) = Z(G)

Suppose that u € G\ Z(G) satisfies the condition.

@ There exists at least one v € G, other
than u, such that v ¢ Z(G) and
Cu)NnC(v)=2(G). @&

@ C(v)=C(u) forall veC(u)\ Z(G).
o

@ If C(u) = C(v) then we do not count
the contribution of u and v separately.
All the v € C(u) \ Z(G) togetherly
contribute the eigenvalue |C(u)| of
multiplicity |C(u) \ Z(G)|.
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The Laplacian spectra of Commuting Graphs Non-abelian group

Condition: either C(u) = C(v) or C(u) N C(v) = Z(G)

Suppose that u € G\ Z(G) satisfies the condition.

@ There exists at least one v € G, other
than u, such that v ¢ Z(G) and
Cu)NnC(v)=2(G). @&

@ C(v)=C(u) forall veC(u)\ Z(G).
o

@ If C(u) = C(v) then we do not count
the contribution of u and v separately.
All the v € C(u) \ Z(G) togetherly
contribute the eigenvalue |C(u)| of
multiplicity |C(u) \ Z(G)|.

@ Forany w e G\ C(u),

C(u) N C(w) = Z(G). Suppose not,
then C(u) = C(w) but it contradicts to
the assumption w ¢ C(u).
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The Laplacian spectra of Commuting Graphs Non-abelian group

Condition: either C(u) = C(v) or C(u) N C(v) = Z(G)

Suppose that u € G\ Z(G) satisfies the condition.

@ There exists at least one v € G, other

than u, such that v ¢ Z(G) and
Cu)NnC(v)=2(G). @&

@ C(v)=C(u) forall ve C(u)\ Z(G). ~ Either or
o G
@ If C(u) = C(v) then we do not count (v) _ C(u)
the contribution of u and v separately. /m
All the v € C(u) \ Z(G) togetherly
contribute the eigenvalue |C(u)| of p \L(i‘)uq |)€§(‘Q)‘|71 ?
multiplicity |C(u) \ Z(G)|. «—>«———|—GT ————— o—m
@ Forany w e G\ C(u),
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the assumption w ¢ C(u).
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LT
Non-Abelian Group

Let G be a non-abelian finite group with the following property: for all
u,veG\Z(G)

either C(u) = C(v) or C(u) N C(v) = Z(G). (2)
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LT
Non-Abelian Group

Let G be a non-abelian finite group with the following property: for all
u,veG\Z(G)

either C(u) = C(v) or C(u) N C(v) = Z(G). (2)

Observation:

@ The condition given by Equation (2) is stronger than that of
Equation (1).

@ If a group G satisfies Equation (2), each C(u) is an abelian subgroup
of G, forue G\ Z(G). @

@ If Z(G) is trivial, then G with the above condition, turns out to be a
centralizer abelian group [Suzuki, 1957, p. 686].
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Non-abelian group
Induced subgraph I'(G \ Z(G), Eg) of Cc =T(G, E)

W £_(G\Z(G)x G\ Z(G))n Eg.

" The graph (G \ Z(G), Eg) is obtained by
removing all the vertices v € Z(G) and
corresponding edges from Cg.

o

o

o
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Induced subgraph I'(G \ Z(G), Eg) of Cc =T(G, E)

W £_(G\Z(G)x G\ Z(G))n Eg.
" The graph (G \ Z(G), Eg) is obtained by
removing all the vertices v € Z(G) and
corresponding edges from Cg.

™ \\e refer the induced subgraph by I'(G \ Z(G), E).

o

o

SENTIN N TN EITN AWV WEETPT M) Laplacian spectra of commuting graph April 30, 2022 13/33



The Laplacian spectra of Commuting Graphs Non-abelian group

Induced subgraph I'(G \ Z(G), Eg) of Cc =T(G, E)

W £_(G\Z(G)x G\ Z(G))n Eg.

" The graph (G \ Z(G), Eg) is obtained by
removing all the vertices v € Z(G) and
corresponding edges from Cg.

™ \\e refer the induced subgraph by I'(G \ Z(G), E).

Lemma

For any group G, satisfying the condition given by
Equation (2), the graph T(G \ Z(G), E) is disconnected.

o

o
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Non-abelian group
Induced subgraph I'(G \ Z(G), Eg) of Cc =T(G, E)

W £_(G\Z(G)x G\ Z(G))n Eg.

" The graph (G \ Z(G), Eg) is obtained by
removing all the vertices v € Z(G) and
corresponding edges from Cg.

™ \\e refer the induced subgraph by I'(G \ Z(G), E).

Lemma

For any group G, satisfying the condition given by
Equation (2), the graph T(G \ Z(G), E) is disconnected.

o Suppose that the connected components of the
graph (G \ Z(G), E) are denoted by {F;}/},

where F; = (V(F;), E(F?)).
ofr

o
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Non-abelian group
Induced subgraph I'(G \ Z(G), Eg) of Cc =T(G, E)

W £_(G\Z(G)x G\ Z(G))n Eg.

" The graph (G \ Z(G), Eg) is obtained by
removing all the vertices v € Z(G) and
corresponding edges from Cg.

™ \\e refer the induced subgraph by I'(G \ Z(G), E).

Lemma

For any group G, satisfying the condition given by
Equation (2), the graph T(G \ Z(G), E) is disconnected.

o Suppose that the connected components of the
graph (G \ Z(G), E) are denoted by {F;}/},

where F; = (V(F;), E(F?)).

o \(F)NV(F) =0, fori+#jand G=
Uy V(Fi) U Z(G).

o
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Non-abelian group
Induced subgraph I'(G \ Z(G), Eg) of Cc =T(G, E)

W £_(G\Z(G)x G\ Z(G))n Eg. G @
" The graph (G \ Z(G), Eg) is obtained by e
removing all the vertices v € Z(G) and Z(G)

corresponding edges from Cg. ,

™ \\e refer the induced subgraph by I'(G \ Z(G), E). @ @

Lemma
() (F

For any group G, satisfying the condition given by

Equation (2), the graph T(G \ Z(G), E) is disconnected. F

o Suppose that the connected components of the @ @4
r—1

graph (G \ Z(G), E) are denoted by {F;}/;,

where F; = (V(F;), E(F?)).

" L n |Gl IV(F)I +12(6)l
V(F))NV(F) =0, fori#jand G= ) 26 Vo1 o
U;;OIV(]:")UZ(G)' e—%————l——‘%——i———w 777777

G

o \(r)UZ(G) = C(u).
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Non-abelian group
Laplacian spectra of (G \ Z(G), E)

Remark

The Laplacian spectrum of the complete graph Kj is given by {0, n}, where the multiplicity of 0
and n are 1 and n — 1, respectively. Consequently, for the disjoint union of the complete graphs
r= @,’-(Zle,, the Laplacian spectrum is given by 0, m1, ..., my with multiplicity

k,my —1,...,my — 1, respectively.
Note:

Note that each F; is a complete graph Kn,,;, where 2

Y g :
m; = |C(uj)| —12(G)]- x

@ Therefore, [(G \ Z(G), E) = ®/_ Km, and ’
Laplacian spectra of ['(G \ Z(G), E) can be F1
calculated by the above remark.

@ If the center Z(G) is trivial, then the Laplacian @
spectrum of (G \ Z(G), E) is discussed in A

[Dutta and Nath, 2018].
Figure: (63 \ Z(63), E)

Henceforth, we use the notation F; to refer both the
connected component and the vertex set V/(F;). J

o(Lr) = {0(4),2(1)}
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The Laplacian spectra of Commuting Graphs Non-abelian group

Non-Abelian Group

Theorem

Let G be a non-abelian group with the property described in Equation (2)
and the Laplacian matrix associated to Cg be denoted by L. The matrix L
has an eigenvalue |Z(G)| with the multiplicity at least r — 1, where r is
the number of connected components of the graph T'(G \ Z(G), E).

B 16 ven+zen ize

1 1Z(6)l v@F) -1 r—1

» Back to complete Laplacian spectra
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The Laplacian spectra of Commuting Graphs Non-abelian group

The complete Laplacian spectra of Cs for non-abelian G
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The Laplacian spectra of Commuting Graphs Non-abelian group

The complete Laplacian spectra of Cs for non-abelian G

00 01D

o Z(G) o (r —1), where r = number of
connected components of the
graph I'(G \ Z(G), E).
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The Laplacian spectra of Commuting Graphs Non-abelian group

The complete Laplacian spectra of Cs for non-abelian G

00 01D

o Z(G) o (r —1), where r = number of
connected components of the
graph I'(G \ Z(G), E).

o \;, where |C(v)| = |C(u)] = N o |Fl-1
for every u,v € F;, o
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The Laplacian spectra of Commuting Graphs Non-abelian group

The complete Laplacian spectra of Cs for non-abelian G

01D

o (r —1), where r = number of
connected components of the
graph I'(G \ Z(G), E).

o

o \;, where |C(v)| = |C(u)] = N o |Fl-1
for every u,v € F;, o

° |G| o |Z(G)|
o
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LT
Non-Abelian Group

o Z(G) O (r—1), where |G|
r = number of
connected !
components of | = ‘Z(G)| + Z |]'-:|
the graph i=1
rG\Z(G),E).

=1Z(6)[+ > (1Fi|-1) +r

@ )\, where o |F|—-1 i=1
C(v) = i
Cw)I = for = 12(6) + Y (F - )+ (r - 1) +1
every —

u,v € Fj,

o |G o |z(6)l
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The Laplacian spectra of Commuting Graphs Non-abelian group

Necessary conditions for being a commuting graph

Theorem
Let I be a graph with the Laplacian spectrum 0 = A1 < A2 < ... < X\, = |G| with multiplicity
mi, my, ..., m, respectively. There does not exist any finite group G (that satisfies Equation
(2)) such that T = Cg if the Laplacian spectrum fails to satisfy any of the following conditions.
@ The multiplicity of A1 is my = 1.
@ The number of distinct eigenvalues r is greater equal to 4.
@ The algebraic connectivity of T is the multiplicity of the largest eigenvalue, that is,
Ao = my.
@ The algebraic connectivity Xy divides \j for all j =2,3...,r.
r
@ The cardinality of the set of vertices Y m, = A,.
i=1
® Any nonzero eigenvalue of the Laplacian matrix of I divides the largest eigenvalue \,.
@ Each ); is a non-negative integer for all i = 1,...,r.
B ¢ v+ izl ze)
1 1z v(F)l-1 r—1
B >
1G]
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The Laplacian spectra of Commuting Graphs Non-abelian group

Graph Invariants for Commuting Graphs

Definition

A clique S in a graph T'(V, E) is a subset S C V such that any two
distinct vertices vq, v € S are adjacent to each other. The cardinality of
the maximum clique is called the clique number, w(T).

Clearly, w(Cg) = |G|, whenever G is

an abelian group. For any

non-abelian group G we have the I
following. @F o
o if uec G\ Z(G) then C(u) is a 1
clique in Cg. @
o (C-) = C .
w(Ce) = _max _1C(u)
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The Laplacian spectra of Commuting Graphs Non-abelian group

Cligue Number

Since |C(u)| is an eigenvalue of L¢, forall u € G\ Z(G),

Proposition

If G is a non-abelian group satisfying Equation 2, then the clique number
w(Cg) is given by
(i) the second largest eigenvalue of the Laplacian matrix of the
commuting graph Cg, if C(G) 2 Z(G) and
(i) |Z(G)|+ 1, if Z(G) = C(G),
where C(G) ={v e G:d(v)—|Z(G)| >0} .
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The Laplacian spectra of Commuting Graphs Non-abelian group

Mean distance and Graph diameter

¥ The distance between two vertices of a graph is the number of edges
in a shortest path connecting them.
1G]

" The graph distance matrix is the square matrix (VU)ilj:r

o ~;; = The distance between the vertices v; and v;.
% The diameter of the graph is the maximum element of the graph
distance matrix.

¥ The mean distance is the average of all elements of the graph
distance matrix.

¥ \\/e have proved that

2|G]* — 2G| — 35, d(v)
G2 '

The mean distance of Cg =
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The Laplacian spectra of Commuting Graphs Non-abelian group

Separation Problems

Definition

[Cvetkovi¢ et al., 2010, p. 199] Let [(V, E) be a graph. For any S C V, the
collection of all the edges that contains vertices from both the sets S and §¢

(= V'\S) are called the edge boundary of the set S. The edge boundary of S is
denoted by 0S.

In the next result we give a range of %.

Proposition

Let G be a non-abelian group with the property described in Equation (2) and Cg
be the commuting graph associated to the group G. For any S C G, the edge
boundary S of S in the graph C¢ satisfies the following inequality:

2(6) _ s
[ECIES

where S¢ = G\ S.

T (i = o ——_—C
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Bipartition Width

The bipartition width of a graph I'(V, E) is

bw(G) ;== min{|0S|: S C V,|S| = L%J} where L%J is the greatest
integer less than ‘—\24 see [Cvetkovié et al., 2010, p. 200]. Then, the next
result is an immediate consequence of Proposition 2.

Corollary

If G be a non-abelian group with the property described in Equation (2)
then
1G11Z(6)]

bw(Ce) > {(|G|241)|Z<G)
I p—

if |G| is even,
if |G| is odd.
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The Laplacian spectra of Commuting Graphs Non-abelian group

A Lemma

Lemma

Let G be a non-abelian group and Cg be the commuting graph of G and
S be a subset of G.

A. If S satisfies any one of the following conditions, then % > |Z(G)|.

@ S C G besuch thatSﬁZ(G) =0,
@ Z(G)C S witho < |S| < &
® Z(G)D S with0 < |S| < ‘G‘
B. Moreover, suppose that S N Z( ) #£ 0 and Z(G)\ S # 0, then

0S| = ISI1Z(G)[+|Z(G)NS|(IG|-2IS|-[Z(G\S)+ > |F\S,
ueS\Z(G)

where F, = C(u) \ Z(G) for an element u € G \ Z(G).
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The Laplacian spectra of Commuting Graphs Non-abelian group

Isoperimetric Number

" \\e recall the definition of isoperimetric number i(I') of a graph
[(V, E) following [Cvetkovi¢ et al., 2010, p. 205]. The isoperimetric
number i(T") is given by

i(l):= min @
0<|5\<‘%‘ |S|

(3)

o |f [ is a graph, except the complete graph K, with order n = 1,2, 3,
then in [Mohar, 1989, p. 283, Theorem 4.1, Theorem 4.2] a range for
i(T) is given and that is

%2 < i(r) < VA(B ~Ra),

where \s is the second least element of the Laplacian spectrum of I
and A is the maximum degree of vertex in .
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The Laplacian spectra of Commuting Graphs Non-abelian group

Isoperimetric Number of Cg¢

Proposition
If G be a non-abelian group with the property described in Equation (2)

then
|Z(2G)| <i(Cg) < \/‘Z(G)‘(2(|G\ — 1) —|Z(G)]).

Theorem

Let G be a finite group. Then the following hold:
A. If G is abelian, then i(Cg) = [@] where [‘G‘] denotes the least
integer greater than |G|
B. If G is a non-abelian group that satisfies Equation (2).
@ If G has a trivial center, then i(Cg) = 1.

@ Suppose |Z(G)| =2. If |C(u)\ Z(G)| =1 for all u € G\ Z(G), where
I < 18 and I does not divide 'S\ — 1, then i(C) =2 .

= i - =——re
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The Laplacian spectra of Commuting Graphs Non-abelian group

Thank You
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The Laplacian spectra of Commuting Graphs Non-abelian group

Proof..

Lemma

G — a
non-abelian

group

o 0e U(LCG)
Multiplicity
=1
Eigenvector
(1,...,1)

w |G| e
U(LCG)
Multiplicity
at least

1Z(G)I.

Samiron Parui (Joint work with Gargi Ghosh)

I3 The graph Cg is connected.
Therefore, the first part

follows.

> For the 2" part, we
enumerate
Z(G) ={v1,...,Vm}. For

each v; € Z(G), we
consider y; € RY defined as

yi(v) = {_G -t

if v=y,

1 otherwise.

& Legyi = |Glyi and {y;}7,
is linearly independent.

Laplacian spectra of commuting graph

April 30, 2022
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Non-abelian group
Reason...

There exists at least one v € G, other than v, such that v ¢ Z(G) and
C(u)NnC(v) =Z(G).

If not, arguing by contradiction, it follows from Equation (1) that
C(u) = C(v) for every v € G\ Z(G). Equivalently, u € C(v) for every
v € G. That is, C(u) = G which is a contradiction to the assumption
ue G\ Z(G).
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The Laplacian spectra of Commuting Graphs Non-abelian group

Reason...

C(v) = C(u) for all v e C(u) \ Z(G). J

o EitherC(u) = C(v) or C(u) N C(v) = Z(G).

w v cCu)\Z(G) = veC(u)nC(v)

¥ Since, v ¢ Z(G) and v e C(u)N
Cu)yn C(v) # Z(G).

¥ Therefore, C(v) = C(u)

C(v), therefore,
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The Laplacian spectra of Commuting Graphs Non-abelian group

Reason...

C(u) is an abelian subgroup of G, whenever u € G\ Z(G) satisfies
Equation (1). J

Suppose that x,y € C(u) then the following possibilities arise:
1. If one of x or y belongs to Z(G), then xy = yx.
2. If x,y ¢ Z(G) then x € (C(u)N C(x)) \ Z(G) and
y € (C(u) N C(y)) \ Z(G). By Equation (2), C(x) = C(u) = C(y)
and hence xy = yx.

Therefore, C(u) is an abelian subgroup of G, for u € G \ Z(G) satisfies
Equation (2).
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